Hyperbolic symmetries from dynamics  by Chung, K.W. et al.
Computers Math. Applic. Vol. 31, No. 2, pp. 33-47, 1996 
Pergamon Copyright©1996 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0898-1221/96 $15.00 + 0.00 
0898-1221(95)00191-3 
Hyperbolic Symmetries 
from Dynamics 
K. W. CHUNG AND H. S. Y. CHAN 
Department of Mathematics 
City University of Hong Kong, Hong Kong 
B. N. WANG 
Department of Systems Ecology 
Academia Sinica, Beijing, P.R. China 
(Received May 1995; accepted June 1995) 
Abstract- -Automat ic  generation of coloured hyperbolic patterns i considered from a dynamical 
system's point of view. This method is able to create unlimited varieties of patterns and can be 
extended to create patterns from symmetry groups of infinite orders. To demonstrate the generality 
of the method, coloured patterns related to various hyperbolic groups are constructed. 
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1. INTRODUCTION 
Several geometric models of hyperbolic geometry have been constructed since the nineteenth 
century, beginning with a model by Eugenio Beltrami n 1868 [1]. The visualization of hyperbolic 
patterns is however, still uncommon compared with that of Euclidean plane patterns. In 1958, 
when the Dutch artist M.C. Escher attempted to visualize the notion of infinity in a finite area, he 
created some hyperbolic tessellations, e.g., the Circle Limit I which is a Poincar6 model packed 
with flying fishes [2]. The reason for the rare occurrence of hyperbolic patterns is due to the 
complicated geometric onstructions and numerical calculations. The computer is an appropriate 
tool to overcome such difficulties. Recently, Dunham [3] has written several programs to generate 
hyperbolic patterns with colour symmetry. For both Escher and Dunham, the basic subpatterns 
were created by hand. 
Due to the advancement of computer graphics techniques, attention has been drawn to the 
possibility of automatic generation of artistic patterns [4-7]. This paper is concerned with the 
automatic generation of hyperbolic tessellations from a dynamical system's point of view. In 
Section 2, three different models of hyperbolic geometry are described. The classification of 
hyperbolic groups and their generators are discussed in Section 3. The results are used in Sec- 
tion 4 in the construction of mappings whose associated tessellations display various hyperbolic 
symmetries. An algorithm for colouring these tessellations i also presented. The patterns thus 
generated have high artistic appeal. Some discussions about the present approach and general 
conclusions are given in the last section. A pseudo-code is also given in Appendix 1 so that 
interested readers may create their own tessellations. 
The research work was carried out when B. N. Wang was supported by a research grant o work at the Department 
of Mathematics, City University of Hong Kong. 
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2. THREE MODELS OF  HYPERBOLIC  GEOMETRY 
Hyperbolic patterns are commonly expressed in the Poincard model of hyperbolic geometry. 
The points of this model are the interior points of the unit circle b/in the complex plane with its 
center at the origin; i.e., 
ld = {z E C I Iz [ < 1}. 
The hyperbolic lines are circular arcs orthogonal to the unit circle, including diameters. A 
hyperbolic n-sided polygon, or n-gon is a closed set bounded by n hyperbolic line segments. The 
angle between two hyperbolic lines is defined as the angle between their tangents at the point of 
intersection. It is well known that the sum of the angles of a hyperbolic triangle is less than lr. 
Most of the coloured patterns hown in this paper are expressed in this model. 
The second model is the Upper-half-plane model whose points are those in the upper half- 
plane 7-/of the complex plane; i.e., 
7-/= {z E C [ Im(z) > 0}. 
The hyperbolic lines are semicircles orthogonal to the x-axis, including vertical ines. These two 
models are related by the mapping f :/g --+ ~/as 
f ( z )  = 1 -  zi and f - l ( z ) -  zi + l 
z- - - i  z +----7 (1) 
The third model is the Weierstrass model whose points are those on the half hyperboloid 
W={(z ,y ,z )  T EN3[z  2_x  2_y2=1,  z>0}.  
The Weierstrass model is related to the Poincard model by stereographic projection from the point 
(0, 0,-1) T towards any interior point on the unit disc in xy-plane. Specifically, the projection g
is given by 
= - -  (2a)  
g l+z  
and 
g-1 i 
- 1 x 2 _ y2 2y  , (2b)  
1+x2q-y  2 
where (x, y, z) T •~3 andz 2 -x  2 -y2=1.  
These three models are conformal; i.e., the hyperbolic measure of an angle is preserved under 
transformation from one model to another; see for example, reference [8]. 
3. SYMMETRY GROUPS OF  THE 
HYPERBOLIC  TESSELLAT IONS 
The symmetry of a pattern in the hyperbolic plane is a congruence or isometry which preserves 
hyperbolic distance and transforms the pattern onto itself. In the Poincard model, a symmetry 
is composed of hyperbolic reflections which are either Euclidean reflections across diameters of 
the unit circle or inversions with respect o orthogonal circular arcs. The symmetry group of a 
pattern is the set of all symmetries ofthat pattern. 
Regular tessellations {p, q} of the hyperbolic plane can be represented by regular p-gons, meet- 
ing q at a vertex, with the condition [9] that 
(p - 2)(q - 2) > 4. (3) 
The tessellation {6,4} is shown in Figure 1. All 6-gons have the same hyperbolic area, show- 
ing that equal hyperbolic distances axe represented by decreasing Euclidean distances as one 
approaches the unit circle. 
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In the generation of symmetrical patterns by means of the 'equivariant' algorithm discussed 
in Section 4, the Weierstrass model will be used for computation. Therefore, the presentation of 
hyperbolic group elements are considered with reference to that model. 
Figure 1. The first three layers of the tessellation {6,4}. I: 1 st layer. II: 2 nd layer. 
----A 
r . 
P ~ 
X. 
Figure 2. The three basic reflections A, B, and C constituting the generators of 
hyperbolic groups. 
Certain elements R1, R2,..., Rm of a group F are eNled a set of generators if every element 
of F is expressible as a finite product of their powers (including negative powers). There are three 
basic reflections which constitute the generators of hyperbolic groups: 
(1) the reflection A across the side of the central p-gon bisected by the positive x-axis (see 
Figure 2); 
(2) the reflection B across the x-axis; and 
(3) the reflection C across the circumradius PQ. 
The matrices representing A, B and C in !R 3 are 
[-s inh(2b) 0 cosh(2b)J 0 0 
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and 
co ( )0 
respectively, where cosh(b) = cos(~r/p) /s in(Tr /p) .  
In the classification of hyperbolic groups [9], there are three types, namely ~o,q], [p,q]+ and 
[p+, q], where p and q must satisfy (3). [p,q] represents the symmetry group of a hyperbolic 
tessellation corresponding to regular p-gons meeting q at a vertex. For this type of group, the 
matrices S, T and C are a set of generators with 
S = CB,  T = AC.  (5) 
S is a counterclockwise rotation of 27r/p about he origin, while T is a counterclockwise hyperbolic 
rotation of 27r/q about the vertex Q in Figure 2. A presentation of ~o, q] is given by 
S p = T q = (ST)  2 = (SC) 2 = (TC) 2 = C 2 = I3, 
where I3 is the unit matrix of order 3. 
[p, q]+ denotes the orientation-preserving subgroup of index 2 in ~o, q], consisting of all sym- 
metries which can be obtained by successively applying an even number of the reflections which 
generate [p, q]. For this type of group, the matrices S and T defined in (5) are a set of generators. 
A presentation of [p, q]+ is given by 
S p = T q = (ST) 2 =/3 .  
[p+, q] of index 2 in [p, q] contains rotations by 2r ip  about he centers of the p-gons and reflections 
across the sides of the p-gons. For this type of group, the matrices S and A defined in (5) and (4), 
respectively, are a set of generators. A presentation of ~o +, q] is given by 
S p = A 2 = (S -1ASA)  q/2 = 13. 
4. COLOURED TESSELLAT IONS FROM DYNAMICS 
In this section, we are going to investigate the construction of dynamical systems whose orbits 
exhibit hyperbolic symmetry and the computer generation ofthe associated coloured tessellations. 
Dynamical systems are mathematical models describing the way some quantities undergo changes 
through time. Many dynamical models are expressed as iterative maps in ~3 
Ui+ 1 = F(ui), where ui E ~:3, for i = 0, 1, 2 , . . . .  
We restrict F to the mappings on the half hyperboloid W of the Weierstrass model, i.e., 
ui+ 1 = F(u~), where _u~ E W, for i = 0, 1, 2 , . . . .  (6) 
An orbit  of F is defined as the iterated sequence of points u_u_0, u l ,u2 , . . . .  We now investigate the 
condition that the orbits of (6) exhibit certain symmetry. Assume that the orbits are invariant 
(i.e., remains unchanged) under a transformation 7 E F where F is a hyperbolic group. Let 
u I = 7u. Substituting this into (6), we have 
= = (7)  
But, from the invariant assumption, 
= (s) 
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It follows from (6)-(8) that 
F(7_u~) = 7F(~i), i = 0, 1, 2 . . . .  , (9) 
which is the necessary and sufficient condition for the orbits of F being invariant under % A 
mapping F : W --+ W commutes with F (or is F-equ{variant) if (9) holds for all _u E W and 7 E r .  
There is no need to check condition (9) for all 7 E F as the following theorem showed. 
THEOREM 1. Let F be a hyperbolic group with generators R~ for 1 < i < m. 
(a) I[ (9) holds for 7 = Ri for each i, then F is F-equivariant. 
(b) I f  F is r-equivariant, then 7 E r maps orbits o fF  to orbits o fF ;  i.e., the orbits o fF  are 
invariant under F. 
PROOF. 
(a) For 7 E F, 7 can be expressed as a finite product of the powers of the generators, i.e., 
DPI/~P2 
where n is a positive integer, Pi(1 < i < n) are integers and 1 < Q~(1 < i < n) < m. 
From (9), we have 
(b) Let the iterated sequence of points u_0,Ul,U2,.., be an orbit of F. For i _> 1, we have 
from (9) 
7u i = 7F(Ui_l) -- F(7ui_l) .  
It follows that the sequence of points 7u0,7u D 77~2,... is also an orbit of F. | 
Therefore, we simply check (9) for each generator to see if the orbits of F are invariant under F. 
For a given hyperbolic group F, a F-equivariant mapping F can be constructed as follows. 
Let u ,c  E W, 7i E r and k(u) be a real-valued function. We write F(u) as a linear combination 
of u and 7~-1c with the real function k as coefficients; i.e., 
F(u) = au + ~ k(7iu)7~-lc, a E 3. (10) 
~ier 
THEOREM 2. I f  u, c E W and 7 E F, then F defined in (10) is F-equivariant; i.e., 
F(7u) = 7F(u). 
PROOF. From (10), we have 
F(7u) = a7u + Z k(7i7u)7~-lc" 
~/iEr 
For a 7i E F, we let ')`5 = 7i7 so that 3'i = 7j7 -1. The above equation becomes 
= a7u+ 
~#EF 
= a7u_+ Z k(Wu)77j -1-c 
~'j EF 
r 
= 7 + k(7~u)7~- 1_(
L "~jEF 
= 7F(u). | 
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In general, F(u) with u E W may not be on W. We make the following modification of F so 
that it maps W onto itself. 
Let F defined in (10) be expressed as 
F = , where f=, fv, fz : W ~ ~. 
We replace fx, fy and fz by, respectively, f=/q, fv/q and fz/q where [q(u)] 2 = [fz(U)] 2 -  [f=(u)] 2 -  
[fv(u)] 2. Then, F becomes 
" fx '  
q 
F= fY (11) 
q 
L 
q . 
It is easy to check that F : W --* W. 
Theorem 2generalizes and simplifies the construction of equivariant functions in [10]. The same 
process does not seem to apply to the Poincar~ model or the Upper-half-plane model. Therefore, 
to construct a F-equivariant mapping of the Poincar~ model, we have to map/4 to W by (2b), 
then apply the transformation F on W and map W back to/4 by (2a); i.e., 
F' =goFog -1 
is a F-equivariant mapping on/4. Main calculation has to be performed in the Weierstrass model. 
Determinat ion  of  co lour  
The hyperbolic distance between two points v and v' in the Poincar~ model is given in [8, p. 132] 
by 
[1- vp'} + ]v-v'] I1 ,] v -u '  p(v, v t ) log or  tanh  = " (12) 
Let u = (x, y, Z) T and u' = (x', y', zt) T be the corresponding points of v and v' in the Weierstrass 
model, respectively, i.e., 
v =g(_u) and v' = 9(_u') 
where g is defined in (2a). Since g is an isometry of W onto U, the hyperbolic distance Pw 
between _u and _u' can be expressed explicitly by means of (12) as 
1 - g (u)9(u ' )  
In the complex plane, g(_u) is expressed by 
x + iy with z 2 - x 2 - y2 = 1. 
g(u)  - 1 + z 
We consider the convergence b haviour of the sequence of points u n = (xn, Yn, z,~) -r E W, (n > 0), 
on the orbit with initial point u 0. For an assumed threshold e, if 
1 
tanh[~pw(un+l,Un) ] <c, 
then the iteration is terminated. The number of iterations executed etermines the colour given 
to the initial point u_ 0. The coloured patterns obtained by this algorithm reveal the sensitivity of 
an equivariant mapping to initial values. 
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F igure  3. Group:  [6,4] +. Parameters :  th re  = 0.003,  Cl = 0.001,  c2 = -0 .01 ,  
c3 = -0 .1 ,  d l  = 5, d2 = 1.9, m = 12. 
F igure  4. Group:  [6,4] + . Parameters :  th re  = 0.01, Cl = 0, c2 = 0, ca = -0 .1 ,  
d l  = 3.2, d2 ---- 1.8, m ---- 12. 
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F igure  5. Group:  [5,5] +. Parameters :  th re  = 0.0045, Cl = 0.05, c2 = 0, c3 --- 0.05, 
d1=4,  d2- -2 ,  m= 12. 
r 
F igure  6. Group:  [7, 3] +. Parameters :  th re  = 0.01, c l  = 1, c2 = 0, c3 = 1, dl  = 1.2, 
d2 = 1.4, m = 12. 
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5. D ISCUSSIONS AND CONCLUSIONS 
Some problems which have arisen in computation are worthy of discussion. 
(i) The first is due to the infinite number of terms in the summation of (10). A suitable choice 
of finite group elements and the real function k in (10) for computation are required in order that 
the symmetry of a hyperbolic tessellation generated will not be noticeably distorted. To choose 
suitable group elements in (10), we notice that a hyperbolic pattern can be created by first, the 
design of a motif in the fundamental region, and then, the transformation of the primitive motif 
repeatedly to cover the entire hyperbolic plane. A fundamental region of a symmetry group 
is a connected set whose transformed copies under the elements of that group cover the entire 
hyperbolic plane without overlapping except at the boundaries. The p-gons of a tessellation 
{p, q} form layers. The first layer of p-gons is just the central p-gon. The (k + 1) TM layer is the 
set of those p-gons not in any previous layers, but which share an edge or a vertex with the 
k th layer. In Figure 1, the first three layers of {6,4} are drawn and they cover about 95% of the 
unit disc. To make a good approximation to the symmetry of computer generated patterns up 
to the k TM layers, the group elements which transform the fundamental region up to the k th layer 
should be included in the computation of F in (10) together with a careful selection of the real 
function k. 
For a tessellation with [6, 4] + symmetry, six group elements are required to cover the first layer, 
namely, 
13, S, S 2, S 3, S 4, S 5 
where S is defined in (5). To cover the second and third layers, 2x62 = 72 and 12x62 = 432 
group elements are required, respectively. Therefore, to create a pattern with [6, 4] + symmetry, 
the summation in (10) should consist of at least 6 + 72 + 432 = 510 terms. 
In the generation of Figures 3 and 4, group elements of the first three layers are chosen and 
the hyperbolic symmetry can easily be recognized even up to the boundary. For the generation 
of Figure 5 with [5, 5] + symmetry, group elements of the first three layers are also chosen. The 
numbers of elements for the first, second and third layers are 5, 75 and 525, respectively. There- 
fore, 605 group elements are required for computation. For the generation of Figure 6 with [7, 3] + 
symmetry, group elements of the first four layers are chosen instead to best reveal the symmetry. 
The numbers of elements for the first four layers are 7, 49, 147 and 392, respectively. Therefore, 
595 group elements are required for computation. 
In the determination of the appropriate group elements, we actually use the invariant method 
which is given in Appendix 2 as a preliminary test. In this method, an invariant function is 
constructed in a straightforward manner from an assumed choice of group elements. The patterns 
generated from this invariant function reflect the symmetry of this particular choice of group 
elements. The amount of computation is much reduced compared with that of the 'equivariant' 
algorithm. 
Next, we consider the determination of the real function k in (10). To create a hyperbolic 
pattern whose symmetry is visible up to the k th layer, say the third layer for {6,4}, the function k 
should be chosen in such a way that the equivariant property of F in (10) be maintained at a 
high degree of accuracy even up to the points in the k th layer, i.e., 7F(u) ~- F(Vu), where 7 is a 
generator of the hyperbolic group and u is a point in the k th layer. 
With an appropriate choice of group elements, we consider the effect of the function k on the 
equivariancy of F if its value is not small outside the first layer. In the computation of F(u) 
with u in the first layer, the terms in k('yu) with Vu in the second and possibly the third layers 
are nonzero. However, in the computation of F(u) with u in the k th layer, some of the nonzero 
terms k(vu) with 7u in the second layer are missing due to the fact that those group elements V
which transform the central p-gon to one in the (k + 1) th layer and u to a point in the second 
layer are excluded in our approximation. This destroys the equivariancy of F as u moves from 
the center towards the boundary of the unit circle, thus causing distortion to the symmetry of 
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the hyperbolic patterns generated. Therefore, a suitable choice of the function k is that its value 
drops fairly rapidly to zero outside the first layer. The rate of dropping depends on the actual 
function k chosen. For the tessellation {6,4) in Figure I, a vertex of the central 6-gon is of 
(v~-  1)/v~ -~ 0.5176 unit from the origin. When projected into W by (2b), this vertex is a 
point _u : ix, y, z) v with x 2 + y2 = 2. A function k(u) can be chosen in such a way that its value 
drops rapidly to zero when x 2 + y2 ~ 2. In our experiment, we choose k as 
k(u) = h(u) l (r)  (13a) 
where h(u) is an arbitrary function and/ ( r )  with r 2 = x 2 + y2 drops to zero at about r = v~. 
To generate the accompanying figures, we choose 
1 
h(u) = cos(dlz) and l(r) - 1 + (r/d2) "n (13b) 
where dl,d2 E ~ and m E A/'. To obtain artistic patterns, dl is preferably less than 5. d2 may 
vary between 0.9 to 3 while m between 8 to 16. 
(ii) The next problem which has arisen in the computation of F is that q in (11) may not be 
real for certain u in W. To overcome this difficulty, the iterations have to be terminated and the 
initial point of this orbit is assigned a particular colour. In our experiment, such cases do not 
happen very often. In Figure 3, the region of such points is represented in white and it displays 
fractal characteristics. 
(iii) Because of the large number of terms involved in each computation, to obtain artistic 
patterns on a computer may not be straightforward. For an unfamiliar symmetry group of 
infinite order, the determination of the right group elements and an appropriate function k which 
will truly reflect the symmetries i no easy matter. 
In conclusion, an algorithm has been presented to automatically generate coloured patterns 
with hyperbolic symmetry from the orbits of a dynamical system (6). Although a finite number of 
group elements are chosen to approximate the hyperbolic groups of infinite order, the hyperbolic 
patterns generated still display the proper symmetry without much distortion. This procedure 
can be applied to other symmetry groups of infinite order and is an extension of the result of [10] 
which deals with groups of finite orders. 
As a large number of group elements is required for the computation, the search for artistic 
patterns could become very time consuming. Computing with parallel machines will greatly 
improve the situation. A pseudo-code is provided in Appendix 1 for generating coloured graphics. 
Sample outputs are shown in Figures 3-6. 
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APPENDIX  1 
ALGORITHM FOR COLOURED PATTERN 
WITH HYPERBOLIC  SYMMETRY [6,4] + 
ARGUMENTS (TYPICAL VALUE): 
nx(= 1024), ny(-- 768) /* image resolution in x- and y-direction 
xmin(= -4/3), xmax(= 4/3) /* low and high x-value of image window 
ymin(= -1), ymax(= 1) /* low and high y-value of image window 
maxiter(= 50) /* maximal number of iterations 
INPUT VARIABLES (TYPICAL VALUE): 
thre(= 0.003) /* real variable, threshold 
cl(-- 0.01), c2(= -0.01), c3(-- -0.1) /* real variable, parameters 
d l (= 5), d2(= 1.9), m(= 12) 
iy = 0 
while (iy <= ny-1) /* loop in y-direction 
do 
cy = ymax + iy*(ymin - ymax)/(ny - 1) /* get the pixel's view y-coordinate 
ix=0 
while (ix <= nx-  1) /* loop in x direction 
do 
cx = xmax + ix*(xmin - xmax)/(nx - 1) /* get the pixel's view x-coordinate 
cxy = 1 - cxA2 - cyA2 
if (cxy >= 0.0001) /* consider only the points inside 
the circle x 2 + y2 = 0.992. 
mx = 2*cx/cxy /* get the coordinate in the upper 
hyperboloid 
my = 2*cy/cxy 
mz = ( l+cxA2+cyA2)/cxy 
i=0 
while (i <= maxiter) /* perform "maxiter" iterations to the 
point (rex, my, mz) 
do [-] Icl]([°]) 
= my + ~-~,er~/~ -1 c2 k "h my /* calculate the real functions fx, fy, fz  as 
fz mz c3 mz in (10) 
where F consists of the group elements of [6, 4] + 
which transform the fundamental region up to 
the 3-th layer and the real function k is 
defined in (13). 
ql = fzA2 - fxA2 - fyA2 
if (ql < 0.000001) /* when q defined in (11) is less than 10 -3 
or imaginary, the iterative process 
terminates 
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i=O 
exit the while loop 
end if 
q = sqrt(ql) 
nx ---- fx/q /* new coordinate in the upper hyperboloid 
ny = fy/q after one iteration 
nz = fz/q 
xl  ---- mx/(1 + mz) /* previous coordinate on the unit disc 
y l  = my/(1 + mz) 
x2 = nx/(1 + nz) /* new coordinate on the unit disc 
y2 = ny/(1 + nz) after one iteration 
dl = sqr t ( (x l -  x2) 2 + (y l -  y2) 2) 
d2 = sqrt((1 - xl*x2 - yl*y2)2+ 
(xl*y2 - x2*yl) 2) 
d = d l /d2 /* hyperbolic distance between previous 
coordinate and new coordinate on the 
unit disc 
if (d < thre) /* test whether the above distance is less 
exit the while loop than the threshold value 
end if 
mx-- - -  nx  
my -- ny 
mz = nz  
i= i+ l  
end do 
else 
i=O 
end if 
setcolour(i) /* set the current colour specified by i 
setpixel(cx, cy) /* plot the point (cx, cy) with current 
colour 
ix = ix+l  
end do 
iy = iy + 1 
end do 
APPENDIX  2 
INVARIANT ALGORITHM 
Let F be a group with infinite order. A complex mapping F : C --* C is ca/led F-invariant if for 
all 7 6 F and z 6 C, F(',/z) = F (z )  holds. We construct he orbits of an iterative map as 
F(zo) if n = 0 and z0 6 C is the initial point, 
Zn+l = f(Zn) if n > O. (14) 
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Figure 7. Group: [6, 4] +. A diagram generated by the invariant algorithm. For para- 
meters, see Appendix 2. 
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where F is F-invariant and f is a complex function. The orbits with initial points 7z0 where "r E r 
and z0 E C are exactly the same as z0 since zl is of the same value. The colouring scheme is similar 
to that described in Section 4 except hat the usual Euclidean distance between two consecutive 
points of an orbit in the complex plane is considered instead of their hyperbolic distance. The 
patterns generated exhibit the symmetry of F. 
For a given group F, an invariant function F can be constructed in a straightforward manner 
as 
r ( z )  = 
yiEr 
where w is an arbitrary complex function. 
Finite number of group elements has to be chosen for computation. It follows from an argument 
similar to the choice of the real function k in Section 5 that, if w drops quickly to zero outside the 
fundamental region, the patterns generated reflect he symmetry of our choice of group elements. 
In Figure 7, we choose w and f as 
= ( I z l  + i l y l ) (1  - s 
and 
f ( z )  = z + sin0.1y + i sin0.1x 
where z -.-- x -4 - iy  and the threshold value is 0.1. The first three layers of group elements are chosen 
for Figure 7. For an unfamiliar group, the right choice of group elements can be identified relatively 
quickly with this algorithm because the second and higher iterations of (14) do not involve the 
large number of group elements. Other advantages of this algorithm are that hyperbolic distance 
does not have to be taken into account and computation is carried out only in the Poincar~ 
model. 
The patterns in the fundamental region resemble those generated by the mapping z t -- f ( z ) ,  
z E C alone. Therefore, this method simply transforms a known pattern repeatedly so that the 
resultant pattern exhibits a preassigned symmetry, whereas, with the 'equivariant' algorithm, 
entire new hyperbolic patterns are generated. 
